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Abstract. We consider non-degenerate, finitely supported random walks on a finitely 
generated Gromov hyperbolic group. We show that the entropy and the escape rate are 
Lipschitz functions of the probability if the support remains constant. 

1. Introduction 

This paper is an extension of [L2] to finitely generated Gromov hyperbolic groups (see 
[GH] and section [2] below for the definition of hyperbolic groups). Let p be a finitely 
supported probability measure on an infinite group G and define inductively, with p^ 
being the Dirac measure at the identity e, 

y€G 

Define the entropy h p and the escape rate £ p by 

h p :=lim-- VpWWlnpW(x), 1% := lim - V \x\p {n \x), 
n n z — ' n n 

xgg xeG 

where |.| is the word metric defined by some symmetric generating set S. The entropy 
hp was introduced by Avez ( |Av| ) and is related to bounded solutions of the equation 
on G f(x) = J2 y eG f( x y)p(y) ( see e -S- [K V| ) . Erschler and Kaimanovich have shown 
that, on Gromov hyperbolic groups, the entropy and the escape rate depend continuously 
on the probability p with finite first moment ([EK ). Here we are looking for a stronger 
regularity on a more restricted family of probability measures. We fix a finite set F C G 
such that L) n F n = G and we consider probability measures in V(F), where V(F) is the 
set of probability measures p such that p(x) > if, and only if, x G F. The set V{F) is 
naturally identified with an open subset of the probabilities on F, which is a contractible 
open polygonal bounded convex domain in IRl^l -1 . We show: 

Theorem 1.1. Assume G is a Gromov hyperbolic group and F is a finite subset of G such 
that U n F n = G. Then, with the above notation, the functions p i-> h p and p i-> i p are 
Lipschitz continuous on V(F). 
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If the infinite hyperbolic group G is amenable, G is virtually cyclic and the entropy 
is vanishing on V(F). Moreover, it follows from the formula in [KLj that the escape 
rate is Lipschitz continuous in on V(F) (see the remark after Formula below). If G 
is a non-abelian free group, and F a general finite generating set, then p i— ^ h p is real 
analytic ( |L2j . Theorem 1.1) and p i— > £ p as well ([Gil]). This holds more generally for 
free products (see [Gil] and [Gi2| for the precise conditions). A general non-amenable 
hyperbolic group has many common geometric features with non-abelian free groups and 
our proof follows the scheme of |L2| . For Gromov hyperbolic groups, Ancona ( |Anj ) 
proved that the Martin boundary of the random walk directed by the probability p is the 
Gromov geometric boundary. Let K^{x) be the Martin kernel associated to a point £ of 
the geometric boundary. Our main technical result, Proposition 14.11 uses the description 
of the Martin kernel by Ancona (see also [Wj . [INO] ) to prove that \n.K^{x) is a Lipschitz 
continuous function of p as a Holder continuous function on the geometric boundary. Then, 
like in |L2j . we can express h p in terms of the exit measure p°° of the random walk on 
the geometric boundary dG and the Martin kernel. Unfortunately, it is not clear in that 
generality that the measure p°° , seen as a linear functional on Holder continuous functions 
on the geometric boundary, depends smoothly on the probability in M{F). We use a 
symbolic representation of dG (see [CP] ) to express p°° as an combination of a finite 
number of symbolic measures. Each of these symbolic measures depends Lipschitz of p and 
the entropy h p is the maximum of a finite family of Lipschitz functions. The escape rate 
is expressed by an analogous formula: it is the maximum of the integrals of the Busemann 
kernel with respect of the stationary measures on the Busemann boundary. It turns out 
that the Busemann boundary can be described in terms of the same symbolic representation 
and the Lipschitz regularity of the escape rate follows. It is likely that both entropy and 
rate of escape are more regular than what is obtained here, but this is what we can prove 
for the moment. Observe that for G = Z, S = {±1} and F a finite generating subset, the 
function p 4 ^ = ^ s Lipschitz continuous on V(F), but not C 1 . For another 

example in the same spirit, we recall that Mairesse and Matheus ([MM]) have shown that 
for the braid group B% = (a, b\aba = bab) and F = {a, a -1 , b, b^ 1 }, p £p is Lipschitz, but 
not C 1 on V(F). The entropy is constant in the case of Z, the regularity of the entropy 
for the braid group is unknown. 

In this note, the letter C stands for a real number independent of the other variables, 
but which may vary from line to line. The lower case co,ci will be constants which might 
depend only on p £ V(F). In the same way, the letter O p stands for a neighborhood of p 
in V(F) which may vary from line to line. 



2. PRELIMINARIES 

2.1. Hyperbolic groups. We first recall basic facts about hyperbolic groups ([GH]). 
Let G be a finitely generated group with a symmetric finite set of generators S. Let 
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d(x, y) = \x l y\ be the word metric on G associated to S. For a subset F C G, we denote: 

N(F, R) := {x E G : d(x, F) < R} and dF = {x G G : d(x, F) = 1}. 
For x,y,z £ G, the Gromov product (x\y) z is defined by the formula: 

( x \y)z = ^(d(x,z) + d(y,z) - d(x,y)) . 

We write (x\y) for (x\y) e , where e is the unit element. Let 5 > 0. The group G is said to 
be (5-hyperbolic if, for all x, y,z,w 6 G, 

(1) 0%)™ > min{(x[z)„,, (y|.z)™} - 5. 

If G is ^-hyperbolic, then every geodesic triangle A = {a, /3,7} in G is 4<5-slim, i.e.: 

a C iV(/3U7,45), /? c 7V(7 U q, 4<5), 7 C iV(a U /3, 4(5). 

A sequence {x n } n >i is said to converge to infinity if lim n ?n __^ 00 (a; n \x m ) = 00. Two se- 
quences {x n } ra >i and {y n }n>i converging to infinity are said to be equivalent if lim n ^. 00 (x n |y n ) = 
00. The geometric boundary dG is defined as the set of equivalence classes of sequences 
converging to infinity. The Gromov product extends to G U dG by setting 

(£|7?) = sup liminf (x n \y m ), 

n,m—> 00 

where the sup runs over all sequences {x n } n >i converging to £ and {y m } m >i converging 
to r]. Recall that G U dG is compact equipped with the base {N({x}, r)} U {V r (^)}, where 

V r (0 :={r l £GUdG:(r l \0>r}. 

One can introduce a metric p on dG such that, for some a > 1 and G > 0, 

a -m-c < p ^ v) < a -m+c m 

Another boundary is the Busemann boundary ObG. Define, for x G G the function 
¥ x (z) on G by: 

$ x (z) = d(x,z) - d(x,e). 

The assignment x *— > ^ x is continuous, injective and takes values in a relatively compact 
set of functions for the topology of uniform convergence on compact subsets of G. The 
Busemann compactification G of G is the closure of G for that topology. The Busemann 
compactification G is a compact G-space. The Busemann boundary ObG := G\G is made 
of Lipschitz continuous functions h on G such that h(e) = and such that the Lipschitz 
constant is at most 1. Moreover, they are horofunctions in the sense of |CP| : they have 
the property that for all A < h(x), the distance of a point x to the set h~ 1 (X) is given by 
h(x) — A (see subsection 15.11 for more about horofunctions). 
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2.2. Random walks. Let S be a compact space. S is called a G-space if the group G acts 
by continuous transformations on S. This action extends naturally to probability measures 
on E. We say that the measure v on E is stationary if ^2 x€ q{x^v)p{x) = v. The entropy 
of a stationary measure v is defined by: 

(2) hp(S, v) = -J2(Jjn^^(0d»(0)pW- 

The entropy h p and the escape rate l p are given by variational formulas over stationary 
measures (see [KV| . Section 3, for the entropy, |KL] . Theorem 18, for the escape rate): 

(3) hp = max{hp(S, v); S G-space and v stationary on S} 



(4) ^ = max 



{ 2_, ( / h( x 1 )dv(h) I ^ stationary on G}. 



p 

Moreover, the stationary measures in @ are supported by <9#G. In particular, in the case 
when G is virtually cyclic, 8bG is finite not reduced to a pointQ and £ p is given by the 
maximum of a finite number of linear functions of p. 

Let = G N be the space of sequences of elements of G, M the product probability p N . 
The random walk is described by the probability P on the space of paths f2, the image of 
M by the mapping: 

(uj n )nez (^n)n>o, where X = e and X n = X n -. x u n for n > 0. 

In particular, the distribution of X n is the convolution p^ . We have: 

Theorem 2.1 (|AnJ, Corollaire 6.3, [K], Theorem 7.5). There is a mapping Xoo : £1 — > dG 
such that for M-a.e. oj, 

limX n (o;) = X^lj). 

n 

The action of G over itself by left multiplications extends to dG and makes dG a G- 
space. The image measure p°° := (X^^M is the only stationary probability measure on 
dG and (dGjv) achieves the maximum in (|3|) (|Kj, Theorem 7.6): 

(5) h p = h p (dG lP ™) = -E(7 1*^^(04^(0 W). 

The Green function G(x) associated to (G,p) is defined by 

oo 

G(x) = Y.P {n) ( x ) 

n=0 



The restriction of each limit function to a Z coset is of the form ±x + a, where a can take a finite 
number of values and there is at least one Z coset where both signs appear. 
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(see for example Proposition 12.21 for the convergence of the series). For y E G, the Martin 
kernel K y is defined by 

K (x) - °( x ~ l y) 

y{) ~ G(y) ■ 

Ancona ( |Anj . Theoreme 6.2) showed that y n — > £ E dG if, and only if, the Martin kernels 
Ky n converge towards a function called the Martin kernel at £. We have 

w ^(0 - *(*)■ 

2.3. Differentiability. We are going to use formula ([3]) and first show that the mapping 
pi—)- — hiK^(x) is Lipschitz continuous from a neighbourhood O p of p in V(F) into a space 
of Holder continuous functions on dG. The following properties are obtained exactly in 
the same way as in [L2j . 

For x,y E G, let u(x, y) be the probability of eventually reaching y when starting from 
x. By left invariance, u(x,y) = u(e, x~ 1 y). Moreover, by the strong Markov property, 
G(x) = u(e, x)G(e) so that we have: 

By definition, we have < u(x,y) < 1. The number u(x,y) is given by the sum of the 
probabilities of the paths going from x to y which do not visit y before arriving at y. The 
next two results are classical: 

Proposition 2.2. Let p E V(F). There are numbers C and £, < £ < 1 and a neighbor- 
hood O p of p in V(F) such that for all q E O p , all x E G and all n > 0, 

q^(x) < CC- 

Proof. Let q E V{F). Consider the convolution operator P g in ^(G, M) defined by: 

Derriennic and Guivarc'h ( {DG] ) showed that for p E T J (F), P p has spectral radius smaller 
than one. In particular, there exists uq such that the operator norm of P p ° in (2(G) is 
smaller than one. Since F and F no are finite, there is a neighborhood C* p of p in V(F) 
such that for all 5 E Op, \[Pq°\\2 < A for some A < 1 and ||P 9 fc || 2 < C for 1 < fc < n . It 
follows that for all g E O p , all n > 0, 

||J^||a < CX [n/no] . 

In particular, for all x E G, g( n )(x) = [-P g n 5 e ](x) < |P"<5 e | 2 < CA^™ ! \8 e \ 2 < C\W n °l □ 

Corollary 2.3. /[DG]/ £e£ p E V(F). There are numbers C and 5 > suc/i that for all 
q E Op, all x,y E G, 

G(x,y) < Ce- 5 ^"^!. 
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Proof. We have q^(x^ 1 y) = for n < ^\x~ 1 y\; take 6 = f ha|. □ 

Fixp £ V(F) and let A be a subset of G. We can define G&(x, u),ua{x, y) by considering 
only the paths of the random walk which remain inside A. Clearly, Ga < G, ua < u. For 
x G G, V a subset of G and i> E V, let a^(v) be the probability that the first visit in 
V of the random walk starting from x occurs at v {a^.{v) = u G \y u ^(x, v)). We have 
0<£„ e v l«md 

Proposition 2.4. Fix x and V. For all s > 1, the mapping p i-> <xjf(?;) is a G°° function 
from V(F) into £ S (V). Moreover, ||-g^-|| 8 *s bounded independently of x and V. 

Proof. By Proposition \2.2\ there is a neighbourhood O p of p in V(F) and numbers C, 
C, < C < 1, such that for q £ O p and for all y G G, 

g(»>(y) < CC n . 

The number aijf can be written as the sum of the probabilities ax' V {v) of entering V at 
v in exactly n steps. We have: 

a n x y {v) < q^Xx^v) < CC- 



Moreover, the function p i— > a™' (v) is a homogeneous polynomial of degree n on V(F): 



where £ is the set of paths {x, arii, arji^j • • • , a^i«2 •••i n = v} of length n made of steps in 
F which start from x and enter V in v. It follows that for all a = {ni,n2, • • • ,n\B\: n i £ 
N U {0}}, all 



(s-l)n 



'flp" * " (inf ieFK )H 1 w - (inf ieF p 

where \a\ = YieF n i- Therefore, 

^ V x 1 ;I - (inf i6Fft )»M S ^ 1 W - (inf ieFPi ) s|a| 

Thus, g i—)- JpjctSf (u) is given locally by a uniformly converging series in £ S (V) of derivatives. 
It follows that q h )• a^(?j) is a G°° function from V(F) into -£ S (V). From the above 
computation, it follows that || Jprajf Cw)|| s — Yin (mf^" p-) a l Q l C 1 , independently of x, V. 

Proposition 2.5. There exists T large enough that for t > T, for any y and V , the 

f i q {y} / 

mapping p i— >■ a4 (y) zs a G°° function from V(F) into ^*(V). Moreover, v *— > "g^, is 
bounded in ^(V) independently of y and V. 
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Proof. It suffices to show that there is T such that the function v i— > a\ v (y) G £ T (Y) an d 
to apply the same arguments as in the proof of Proposition 12. 41 Consider the probability 
p with support F _1 defined by = p(x~ 1 ) and define all quantities (p)^ n \ G(x), u(x, y). 
Observe that, since it is the sum of the same probabilities over the same set of paths, 
G(v,y) = G(y,v). Therefore, we have, using Corollary 12.31 for the p random walk, 

4 V Hv) < G(v,y) = G(y,v) < e~ S ^. 

The group G has exponential growth: there is a v such that there are less than Ce vR 
elements of G at distance less than R from y. It follows that for T > v/S, the function 

v^ai y \y) e£ T (V). 

□ 



2.4. Projective contractions on cones. In this subsection, we recall Birkhoff Theorem 
about linear maps preserving convex cones. Let C be a convex cone in a Banach space and 
define on C the projective distance between half lines as 

0(f,g) := \n[r(f,g)r(gj)}, 

where r(f,g) := inf{s, s > 0, sf — g € C}. Let T> be the space of directions in C. Then, i? 
defines a distance on T>. Let A be an operator from C into C and let T : T> — > D be the 
projective action of A. Then, by [Bi]: 

(8) #(Tf,Tg) < P#{f,g), where /3 = tanh Q Diam T(V) \ . 

In some cases, ^-diameters are easy to estimate: for example, in C = {/ G £ l ; f > 0}, 
the set U(g,c) := {/ : c~ x g < f < eg}, where g G C and c > 1, has ^-diameter 4 Inc. 
Moreover, the following observation is useful: 

Lemma 2.6. /|Lij. Lemma 1.3] Let f,g G C, = ||#||f. T/ien, 

ll/-fflk<(^ (/ ' 9) -l)ll/l|t- 



3. Obstacles 

In this section, we show that the function $ on dG defined by <&(£) := — lni'Q(x) is 
Holder continuous for any fixed x G G. This is not a new result ([INO_j). Nevertheless, 
we present the construction and the proof in order to introduce the notation used in the 
next section to show that is Lipschitz in p as a Holder continuous function on dG. Like 
in |INO| . the proof is based on Ancona's Harnack inequality at infinity (see [An], |INO| 
Proposition 2.1 for the form used here): there exist a number R and a constant c = c(p) 
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such that if [x, y] is a geodesic segment and z G [x, y], then for any AcG, N([x, y],R) C A, 
we have: 

(9) c~ 1 u A (x,z)u A (z,y) < UA(x,y) < cu A (x, z)u A (z,y), 

where u&(v,w) is the probability of ever arriving at w starting from v before reaching 
G \ A. Moreover, from the proof of ([9]) in [INO] or |W| . it follows that there exists a 
neighborhood O of p in V{F) and a constant C such that c(p) < C for p € O. 

3.1. Obstacles. Without loss of generality, we may assume that F contains the set of 
generators and 5 is an integer. Set r = max{|x|; iff, 5}. 

Fix M large. In particular, M > R + 12r, where -R is given by Q. For a geodesic 7, we 
call an obstacle a family JXT cPqC C C/i of subsets of G such that 





= {x 


G G 


d(x 


7 (-2M)) <d(x, 7 (0))}, 


Uo 


= {x 


G G 


d(x 


7 (-2M)) <d(x, 7 (4r))}, 


ur 


= {x 


G G 


d(x 


7(0)) <d(x, 7 (2M))}, 


ih 


= {x 


G G 


d(x 


7(0)) < (i(x, 7 (2M + 4r))} 



The subsets U i are connected and satisfy U C Uo C U 1 C U\. More precisely, we have 
the two following elementary facts: 

Lemma 3.1. If x G U ~ and [x, r y(—2M)] is a geodesic segment, then [x, 7 (— 2M)] C U ~ . 

Proof. Assume not. Then there is a z G [x, 7 (— 2M)] such that d(z, 7 (— 2M)) > 7(0)). 
Adding x) to both sides of this inequality, we obtain: 

d(i l7 (-2M)) = rf(x,z)+d(z,7(-2M)) > d(x, z) + d(z, 7(0)) > d(x, 7 (0)), 
a contradiction to x G J7J~. □ 

The statements and the proofs are the same for all U, . 
Lemma 3.2. If x G U ~ , then B(x,r) C U ; if x G C/ 0) i/ien B(x,M - 3r) C fTf. 

Proof. Let x G C/q" and x' G B(x,r). Writing ([1]) with x = x',y = 7(0), z = 7(4r) and 
it; = 7 (— 2M), we get: 

d(x', 7 (-2Af )) - d(x', 7(0)) + 2M > min{d(x', 7 (-2M)) - d(x', 7 (4r)) + 2M + 4r, 4M} - 25. 

Since d(x', 7 (-2M)) - d(x', 7 (4r)) < d(x, 7 (-2M)) + r - 7(0)) + 5r < 6r < 2M - 4r, 
we get 

d(x', 7 (4r)) > d(z', 7 (0)) + 4r - 25 > d(x, 7 (0)) +r > d(x, 7 (-2M)) + r > d(x', 7 (-2M)). 
Analogously, if x G Uo and x' G -B(x, M — 3r), we get, writing now (pQ) with 2 = 7 (2M): 
d(x', 7 (-2M)) - d(x', 7(0)) + 2M > min{d(x', 7 (-2M)) - d(x', 7 (2M)) + 4M, 4M} - 25. 
Since the RHS is smaller than 4M — 2r, it cannot exceed AM — 25, and we get 
d(x', 7 (0)) < d(x', 7 (2M)) - 2M + 25 < d(x', 7 (2M)). 
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□ 

Lemma [3.21 implies that any trajectory of the random walk going from Uq to G\U\ has 
to cross successively Uq \ Uq , fTf \ Uq and U\ \ fTf . For Vi, V2 subsets of G, denote Ay 
the (infinite) matrix such that the row vectors indexed by v £ V\ are the a^ 2 (w),w £ V2. 
In particular, if V2 = {y}, set ojy for the (column) vector 

u\ = 4f = {aM(y)) veVl = Wv,y)) veVl . 

Fix t > T. By Propositions |2H and [231 U) v is a vector in £*(Vi) and ajf° G ^"(Vo), with 
l/s + 1/t = 1. With this notation, the strong Markov property yields, if C/^~ C [/q C f/f C 
C/i is an obstacle and x £ U ~ , y U\\ 

u(x,y) = (^ {v Q )A^ (v ,v 1 )u(vi ) y) = {a%° , A^u^) , 
vo,vi 

with the natural summation rules for matrices and for the (^ s ,£*) coupling. All series are 
bounded series with nonnegative terms and we set Vi = Ui\ Uf . 

Observe that an obstacle is completely determined by the directing geodesic segment 
[~f(— 2M), ■ ■ ■ ,7(2M + 4r)], so that there is a finite number of possible obstacles and there- 
fore a finite number of spaces ^(V), of (infinite) matrices Ay Q , of vectors ui Vi and ajf° if 
the distances d(z,~/(2M + 4r + 1)) and d(x,"f(—2M)) are bounded. 

3.2. Properties of the matrix Ay 1 . 

Recall that the general entry of the matrix A = Ay 1 is A(vq,vi), the probability that 
starting from vq £ Vq, the first visit in V\ occurs at v\. In particular, assume A(vq,v\) = 0. 
Then, all paths from vq to v\ with steps in F have to enter V\ elsewhere before reaching 
v\. Since the support F of p contains the generators of the group, A(y,v\) = for all u's 
in the connected component of Vq in J7j~. By Lemma l3.1|. all paths from 7(0) to v\ with 
steps in F have to enter V\ before reaching v\. Therefore this property depends neither on 
vq ^ Ui nor on p £ V(F). We say that vi is active if A(vq,vi) 7^ 0. In the sequel we will 
call V\ the set of active elements of U\ \ U^ . We have: 

Proposition 3.3. Let 7 be a geodesic, Uq C Uq C iTf C U\ an obstacle, Vq = Uq \ Uq , 
V\ the active part ofU\ \J7j~ . There exists a neighborhood O p of p in V(F) and a constant 
c\ such that, for all p £ O p , all vq £ Vo, V\ £ V\: 

(10) <h Xu G\UftoM°))<Xy\o)M ^ A (vo,vi) < cin GWr (u ,7(0))a^ 0) (ui). 

Proof Introduce the set U~, U~ = {x £ G : d(sc,7(0)) < d(x,-y(2M - 4r))}. By a 
variant of Lemma 13.21 we may write, for vq £ Vq,v\ £ V\: 

A(v ,vi)= ^2 u GX jj-{vQ,w)ct^(vi). 
w&U^\U-- 
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Using that a^(t>i) = J2 w eu~\u 1 — U G\U± (7(P)> w ) a w 1 ( y i)> we see that it suffices to prove 
that, for all p G O p , all vq G Vb, U7 € f/^ \ f/f~: 

c r lu G\c/r( u o,7(0))u GW -(7(0),u;) < « GWr («o,w) < ci« G ^ f (v , 7(0))« G \^ f (7(0), w). 

This will follow from a variant of © once we will have located the point 7(0) with respect 
to the geodesic [^o>H- 

Observe that if vq G Uo, then d(vo,j(0)) > M — 3r. Indeed, writing that 

( 7 (-2M), 7 (4r))„ > min{( 7 (-2M), 7 (-M + 2r)) vo , ( 7 (4r), 7 (-M + 2r))„ } - 5 
= ( 7 (-2M),7(-M + 2r)X, -5, 

we get that d(i>o, 7(4r)) > M + 2r — 5 > M — 3r and the claim follows. Since, by Lemma [3. 1| 
the whole geodesic [i>o,7(— M + 2r)] lies in Uo, we have d( 7 (0), [«o>7(— M + 2r)]) > M — 3r. 
But we know that 7 (0) G iV([«o,7(M)] U [« ,7(-M + 2r)],4£). It follows that there is 
a point zi G [vo,j(M)] with d(7(0),zi) < 45. In the same way, since w G G \ U x , 
d(7(0), [w,7(M - 2r)]) > M - 3r and therefore d(zi, [io,7(M - 2r)]) > M — 3r — 45. It 
follows that there is a point z G [t>o>w] such that d(z, 7(0)) < ^(2,^1) + d(zi,7(0)) < 85. 

Let yo be the point in [vo, w] at distance i? from w. Then G \ U^~ contains N([vq, yo], R) 
and the point z belongs to [t>o,yo]E So we may apply ([9]) to the points vq,z,uq and the 
domain A = G \ fZf to obtain, for all p G O p , all «q G Vq, v% G Vi: 

c cT lu G\c/r z ) n G\c/f ( z ' ^0) < -" GW - (w , 2/o) < c -u GWr (w , ^)n GWr (z, y ). 

By changing the constant, we can replace yo by w (since d(w, yo) = R) and 2 by 7(0) (since 
d[z, 7(0)) < 85). We obtain the desired inequality. □ 

For V a subset of G, t > 0, denote Cy the convex cone of nonnegative sequences in £*(V) 
and define on C v the projective distance between half lines as 

&(f,g) := ln[r(f,g)r(g,f)], 

where r(f,g) := inf{s, s > 0, sf — g G Cy}. Represent the space of directions as the sector 
of the unit sphere T> v = C v n S v ; then, •d defines a distance on T> v for which T> v is a 

complete space (Lemma 12. 6p . We fix t > T such that the sequences ai v ^ (y) G £*(V) and 
we consider the matrix Ay 1 as an operator from ^(Vx) into the space of sequences indexed 
on Vb- We have: 

Proposition 3.4. Choose t > T and s such that l/s + l/f = l. For any obstacle Uq C 
Uo C U^~ C J7i, a//p G O p , the operator Ay Q sends C Vl intoC Vo , the adjoint operator (Ay o )* 
sends Cy Q into Cy and 

Diamc^Ay^CyJ) < 41nc 1; Diamc^ ((/^)*(Cf )) < 41n Cl , 

where c\ and O p are the ones in M0\) . 

2 Since w £ U~ , we have d(w, 2) > 7(0)) - 85 > M - 3r - 85 > M - llr > i?. 
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Proof. By definition, ^2 VieVl a^ 0) (ui) < 1 so that a^ Q) ( Vl ) G £ s (Vx). By (TO]), for any 
v G Vb, any / G 

4 /m < c 1UGXUl (voMm\^i 0) (vi)\\ s \\f\\t. 

By the same argument as in the proof of Proposition !!^ we see that vq h-> u g ^jj- (vo, 7(0)) G 

^(Vb). It follows that for any / G £*(Vi), A$J belongs to £*(Vb). 
By (flT)]) , we know that for any / G Cy x , 

(11) crV?^ (^0,7(0)) < y V °/^ - < cm GWl (t;o,7(0)). 

< a 7 (0) (•)>/(■) > 

It follows that Diam ^^(CyJ < 4 In ci. The same argument works for the adjoint 
operator (ylj^)*, since we know that v$ h-> «g\(7i (vq, 7(0)) G ^'(Vb) and «i h-> G 

£ s (y x ). ' □ 



Proposition 3.5. Choose t > T + l,s swc/i £/ia£ l/s + l/i = 1. T/ie mapping p 1— >■ Ay 1 (Ve- 



spectivelyp^ (A^ q )* ) is C°° fromV(F) into C{P (Vx) , l l (Vb)) (respectively £(£ S (V ), I s (Vx))). 

Proof. We follow the scheme of the proofs of Propositions 12.4 1 and I2.5[ By Proposition 12.21 
there is a neighbourhood O p of p in V(F) and numbers C, £,0 < £ < 1, such that for 
q G O p and for all y G G, 

q {n \y) < C( n . 

We write a^(v\) as the sum of the probabilities 1 (vx) of entering V\ at wi in exactly 
n steps. We have, for all Vq G Vq,vx G Vx'- 

< Vl (fi) < 9 (n) (^o V) < CC n 

As before, the function p 1— )• a^^C^i) is a homogeneous polynomial of degree n on P(-P) 
and for all a = {n\, 112, • • • , n\B\,ni G N U {0}}, all vq G Vb, t>i G Vx, 

r) a Cn\ a \ Cn\ a \ 



l dp« Vo v 1/1 " (inf ieFPi )\<*\ v ° y LJ ~ (inf ieFPi )l«l 
Let fet^Vx). Then, 

Ei£< yi Mii/Mi < II^^R^W 

< Cn\^ n {u GXU - («d,7(0)))^||/|| t . 

To obtain the last inequality, we use that ||a^ Vl (vx)\\ s < C(C (s ~ 1)ri E Vl <*% Vl M) 1/s , CE 
and E Ul «^( )( w i) ^ !■ Therefore, 

llEl^<o yi (^l)ll/(«i)lll^ W < CnHC^(^(n GWl («o,T(0)))^)^||/||*. 
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Since t > T + 1, t/s > T, the series Y^vo( u G\Ui{ v O)'y(fy))" converges and the operator 
has norm smaller than Cn^C^™ in £(^(Vi), £*(Vb)). The series of operators which defines 

QOt 

q^ A V is converging. 



The proof is the same for the adjoint operator. We estimate, for g € £ s (Vo), 



£l^< V >i)lbMI < \\j^g^< Vl (vM9\ 

Vo 

< CnWC?(a^ 0) (uO)^lbl 

As before, we find that the operator 
has norm smaller than 



in £(£ s (Vb),^ s (Fi)) (recall that s^ 1 = 1). The series of operators which defines 
is converging as well. □ 



3.3. Holder regularity of the Martin kernel. 

Fix ieG and a geodesic 7 with 7(0) = e. Consider the family U ~ C Uq C • • • C JTj^ C 
f7„ such that for all j = 1, • • • n — 1, UJ C £/j C Uj +l C is an obstacle for 7 o a 2 i M+K . 

The integer if is chosen so that x,e € U ~ , e.g. K = 4M + \x\. With that choice, 7(n) €" C/jt 
as soon as n > K + 2/cM + 4r. Iterating the strong Markov property, we get, for z tfL U k : 

u(e,z) (aY°,A^---Aliy Vk )- 

Choose t > T + 1 and s such that l/s + 1/t = 1. Set / fe (z) := J" fc ,q := q^°,/3 := a%°. 

\\ u V k \\t 

For all z g" t7 fc , / fc (z) € and a,/3 € Cf Q - {0}. By Proposition if z,z' {J fe , 
^(A^*^/^), A^ k _J k {z')) < 41nci. Set r = By repeated application of ©, we 

have, as soon as z, z' U k , 
(12) 

•••^_ i / fe (z')) < r k -^ ct (AllJ k (z\A v ^_J k {z')) < 41n Cl r fc - 
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We are interested in the function <3? : dG — > R, 

Hi ^X - Xf 



*(0 = -111^(0 = -In lim , 

u(e, x n ) 

If we choose the reference geodesic 7 converging towards then setting < I ) n (^) — u(e'--y(n)) ; 
we have lim n <I> n (£) = <!?(£)• More precisely, as soon as n,m > K + 2feM + 4r, we may 
write: 

d> (p\-a> (p\=\ ( a,Tjo ' ■■ T h-Jk{l{n))) ((3,T jo ■ ■ ■T jk _J k { 1 {m))) 
" W n (P,T j0 ■ ■■T jh _J k ( 1 (n))) (a,T JO ■ ■ ■ T Jk _J k ( 7 (m))) ' 

where Tj s is the projective action of ^4y +1 - By (|12|) and Lemma 12.6} we have, as soon as 
n,m > K + 2kM + 4r, |<& n (£) ~~ &m(£)\ — Cr k . For the same reason, for any fixed family 
of f k G Z^, the sequence 2j • • 'Tj kl f k converge in 2}y towards some /oo, independent 
of the choice of f k and a priori depending on the geodesic 7 converging towards £. In any 
case, we have: 

(a, foo) 



(13) ||T io • • • T jk _J k - /oc||t < Cr" and $(0 = In 



(ai,/oo)' 



Consider now two points € <9Cr such that p(£,,T]) < a~ n ~ c . Then there is a geodesic 
7 converging to £ and a sequence {ye}e>i going to such that for I, m large enough, 
("f(m),yi) > n. For fixed x and -ftT = AM + consider the same family Uq C lTq C • • • C 
C fTj. such that for all j = 1, • • • k — 1, L^ - C C t^+i C is an obstacle for 

7 o 0-2.7 Af+i^ We have 

Lemma 3.6. Assume 2kM < n — K — 4r — 225 and I large enough. Then, ye ^ \J k . 

Proof. Choose I large enough that lim m _ > . 00 (7(m), y^) > n and we choose a geodesic [ye,!;] 
such that (ye, £) > n. By definition of Uj, we have to show that d(ye, 7(2(j — 1)M + K)) > 
d(yi, r y(2jM + K +4r)) for 2jM + + r + 22<5 < n. By continuity, there is a point so where 
the function s >— > d(ye,~f(s)) attains its minimum. We are going to show that sq > n — 125. 
By 85 convexity of s 1— > d(yn. ^(s))( |GH| . Proposition 25, page 45), this prove the clairrd. 

By continuity, there is a point s\ such that d( / y(si),[y(0),ye]) = d( / y(si), [ye, £]) < 45. 
On the one hand, 

si>d(rf(0),\yi^])-4S>n-4S 
(recall that (£,ye) > n). On the other hand, we know that 

d(y t , 7(*i)) < (7(0), Oto + 85 < d (^' 7(^o)) + 85 
(see the proof of Lemma 22.4 in (Wj). It follows that sq > s\ — 85 > n — \25. □ 



3 Indeed, since 2jM + K + r + 22S < n, "/(2jM + K + 4r + 108) lies between 7(2(7 - 1)M + Jf) and s 
and thus, by 88 convexity of the distance, d(ye,j(2jM + K + 4r + 105)) < d(y e ,-y(2(j - 1)M + K)) + 88 
(recall that so achieves the minimum of d(jtt,7(s))). The inequality follows by writing the <5-hyperbolicity 
relation JTJ with x = y e ,y = -y(2jM + K + lr),z — y(2jM + K + 4r + 105) and w = 7(2(j - 1)M + K). 
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We have that - $(r/) = lim^-^,^ In ( "{g^j "fcS) ) • With the above station, 
assume that A; is such that 2/cM < n — K — 4r — 225. If ^ and m are large enough, 
yi,l(rn) C/fc and 

*m->f,v«-Mj (a, T jo • • • T jk _J k (j(m))) (/3, T jo ■ ■ ■ Tj k _J k (yi)) 

Since as above, we have $(Tj • • • Tj k _ 1 fk(~/(m)),Tj ■ ■ ■ Tj k _ l fj t {y£)) < Cr k , and a,/3 take 
a finite number of values, we have: 

for a new constant C and po = t 1 I 2M . This shows that for all x E G, the function 
£ i — y — \n.K x (£) is Holder continuous on dG. Moreover, the Holder exponent jlnpol/lna 
and the Holder constant C are uniform on a neighbourhood of p in V(F). 

Let us choose k < 1 , k < — , and consider the space T K of functions <fi on <9G such 

2 ma 

that there is a constant C K with the property that \4>(^) — 4>(rj)\ < C K (d(£, n)) K . For € T K , 
denote ||^|| K the best constant C K in this definition. The space T K is a Banach space for the 
norm := + maxgc in this subsection, we showed that for p £ F(F), x £ G, 
there exist «; > and a neighborhood O p of p in V(F) such that for p' € O p , the function 
fy (£) = — lnK^(x) belongs to T K and that the mapping p' i-> <3? p / is bounded from O p into 
T K . 



4. The Martin kernel depends regularly on p 

Proposition 4.1. Fix x £ G. For all p € V(F), there exist k > and a neighborhood O p 
of p in V(F) such that the mapping p i— > <&(£) = — lni^x) zs Lipschitz continuous from 
O p into T K . 

Proof. Let p 6 T^i 7 ) and choose k = n(p) given by Section 13.31 We have to find a 
neighborhood O of p in V(F) and a constant C such that, for € O, 

\\®p ~ $p'II = m ax l$ P (0 - $p'(6I + ||*p - < C#(P,P'), 

where, for convenience, we use on V(F) the already defined projective distance on M^. We 
treat the two terms separately. 

Claim 1: max^ |$ p (f) - %>(0\ < C${p,p'). 

Choose the geodesic 7 converging to £. Applying Section [3731 and (fl~3j) . there are vectors 
/oo(p),/oo(p') e^(Vo) such that 



I*p(£)-MOI 



]n <a(p) s /oo(p)) W)Joo(p')) 



Hp')Joo(p')) {0(p)Joo(p)) 
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By Proposition 12.41 we make an error of order C$(p,p') when replacing Pip') by f3{p) and 
a(p') by a(p). The remaining term is 

T io • • • T 3 k -i fk) <£> T j " " " T L-Jk) 



(14) lim 

fc 



In- 



where Tj s is the projective action of A^ +1 (p), Tj s the projective action of Ay s +1 (p') and 
we have chosen once for all f k € £*(Vfc), independent of p £ O. 
We have: 

K T 3o--- T j k -Jk,T' jo ---T' jk _J k ) 
fc-1 

< JX**, • • • T, Jl ■ ■ ■ TLJk, I,, ■ ■ ■ T k T' k+l ■ ■ ■ T> k _J k ) 

8=1 

< E ^ l H T i ■ ■ ■ >l J>- T ' T l, ■ ■ ■ T LJ*) . 

8=1 

where we used (|12p to write the last line. If the neighborhood O is relatively compact in 
V(F), all points • • • T' are in a common bounded subset of Py. . By Proposition 

13.51 there is a constant C and a neighborhood such that for p' £ O, i = 1, • • • , k — 1, 

c 

Finally, we get that for all k, $(T jo ■ ■ ■ T jk _ 1 f k , Tj • • • T' jk _J k ) < :j— — ^ip,p')- Reporting 
in (|14p proves Claim 1. 

Claim 2: ||$ p - <& P >\\ R < C-d[p,p'). 

Let £, € <9G be such that p(£,,r]) < a~ n ~ c . We want to show that there is a constant 
C and a neighbourhood 0, independent on n such that, for € O: 

IM£) - MO - M*?) + M*?)l < Car^-dM). 

Choose as before a geodesic 7 converging to £ and a sequence {y^}^>i going to 77 such that 
for I, m large enough, (^(m),ye) > n. For fixed x and K = 4M + |z|, consider the same 
family Uq <Z U C ■ ■ ■ C Uj^ C U k such that for all j = 1, • • • C~ C I7j C Uj +l C J7 i+1 
is an obstacle for 7 o a 2jM+K . By Lemma |3.6( for £ large enough, and we may 
write $ p (f) - $p/(C) - $ P (r?) + M 7 ?) as: 
(15) 

V, Tjo- T jk _ l9k ) <«', T' jQ ■ ■ ■ T' k J k ) {a , T j0 ... T ]k _ x h k ) </?', 1% ■ • • 2$^) 



lim In 



«»^" («. T io • • • ^ fc „ l5 fc) 08', rj • • • T'- k _^g' k ) (/?, r i0 • • • r^/*) (a', r; o • • • rj^) ' 



where a = a(p),a' = a(p'),(3 = /3(p),/3' = /3(p')> Tj s is the projective action of A^ +1 (p), 
Tj s the projective action of A^ +1 (p') and <?fc,<54 are fkilim)) calculated with p and p' 
respectively, h kl h!. are f k (ye) calculated with p and p'. 
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Recall that g k = fk{l(m)) is the direction of ujI^ in It can obtained by a series 

of obstacles along 7 between U k and 7(771). Let us show that we can choose m large enough 
(depending on p') such that we have fl(g k ,g' k ) < C$(p,p'). Indeed, 

#(g k ,g' k ) = ^(/ fc ( 7 (m)),/^( 7 (m))) = 0(T jk ■ "T jm _J m ,r jh ■ -T' jm _J' m ). 
We have $(f m , f' m ) < C and for m large enough, 

H T k ■ ■ ■ T L-Jm,T' jk ■ ■ ■ T> m _J> m ) < r m ~ k C < #(p,p>). 
By the same computation as in Claim 1, we then have 

K T h ■ ■ ■ Tj^fm, T' jk --- T' jm _J m ) < C#M). 

Since $(gk,g' k ) < C$(p,p'), using the contraction of the Tj, we can replace g' k by g k in (fT5j) 
with an error less than CT k $(p,p') < CpQi!}(p,p'). In the same way, following obstacles 
along the geodesic between 7(71) and y£, we have, for £ large enough, $(h k ,h' k ) < $(p,p') 
and we can replace h' k by h k in (fT5|) with an error less than CpQ$(p,p'). 

Observe also that all terms a = a/\\a\\ s ,$ = B/\\B\\ S belong to T> v , . We may write, 
considering for instance (a', Tj o • • • Tj ki g' k ): 



'Jo 



(( A, jk j*---( A, j y^9' k ) 

\w\\ s m k _ i r...{T' Jo ra\g' k ) 

Ms <(^J*---(^)*«^>' 

where (Tj)* denotes the projective action of {A 1 -)* on T> v .. Observe that if we replace a' 
by a, B' by 8 in (fToT) and use the above equation and its analogs, the ratios 11" jj 3 , ■|4| £ 

\\ a \\s \\P\\s 

cancel one another and using the contraction of the (Tj)*, we make an other error of size 
at most CpQ~&(p,p'). 

We find that, up to an error of size at most C Pq"&(p,p'), the difference <& p (£) — 3>p'(£) — 
$2,(77) + $ p '(r/) is given by: 

lim ln & A io • • • A h-i9k) (°h A ' J0 ■ ■ ■ A ' Jk ^9k) (a, A J0 ■ ■ ■ A 0k _ x h k ) 0, A' Q ■ ■ ■ A' h _h k ) 
<*n-*,vt-»i n {$, A' jo ■ ■ ■ A' jk i g k ) (a, A jo ■ ■ ■ A h _ l9k ) (a, A' jo ■ ■ ■ A' h _h k ) ((3, A jo ■ ■ ■ A^hu) ' 

where we reordered the denominators to get a sum of four terms of the form 

(a,A jo ■■■A jk _ 1 g) 



±ln 
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Aj " " " ^-jk-id) 



(a, A jn ■ ■ ■ Aj. ,A\A!- ■ ■ ■ A', g) 



Ji+1 



fc-i 

n 



((A^A'^.-.A'^g) 



L (K- )* • • • M'. )*<*, 11 ((A' )*an, A', ■ ■ ■ A', g) 



[k/2] 

n 

i=0 



(M'. )*Qi,5i> Al (ai.A'-gi) 



where a, = (T^J* • • • (T jo )*a, ^ = Tj i+i • • • Tj fcl9 . Set ft = (T^J* • • • (T jo )*/3, ^ 



T' • • • T„- /i. We are reduced to estimate: 

Ji + 1 Jk-1 



[fc/2] 

n 

i=0 



((A^r^gj) ((A'ya^gj) ((A^a^h,) {{A' u )* PuK) 
{{A' n Y^9i) ((Aj.Ya^g,) ((A'^a^hi) ((A it )*ft, /*) 



x *j 1 (ft, A,-^) (o^W (P^A'j.hj) 

i=[*/2]+l ( a *> A A&) (A>^iA> 

Since, gfj, ^ remain in a bounded part of the Dyt and «j, ft in a bounded part of the Vys , 
using Propositions l2,4l and l2.51 one gets a constant C such that fi^A^gi, Aj.gi),'&(Aj i hi, A'j.hi), 
i}((A h )*ai, (A' h )*ai) and 0((A^)*ft, (A^..)*ft) are all smaller than Ci?(p,V)- Furthermore, 
using the contraction of Tj and (Tj)* (Proposition 13. 4p we see that: 

<Cr\ <CV*-*. 

Moreover, all products in the formula are approximations of (a, /qq) and thus are uniformly 
bounded away from 0. It follows that for i < k/2, 



In- 



{{A^^g^yPiM) in ((4)*ai,ft)((^ ii )*ai,^) 



((A'^giHiAj^PiM) 
and for i > k/2: 

(Pi,Aj i g i )(ai,A' j .gi) 



{{ A k)* a h9i){{A'A*ai, hi) 



In- 



In 



{a i ,A ji hi){Pi,A' j h i ) 



faA'^hiiiPiyAj-hi) 



(Pi,A' jt gi){ai,A jt gi) 
so that finally the main term of f)15|) is estimated by: 

[fc/2] fc-1 

Y,Cr k - i d{p,p')+ Cr^p') <CT k ' 2 d{p,p') < Cpl l2 ${p,p'). 

i=0 i=[fc/2]+l 
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Claim 2 is proven (recall that k < 



lnpo 
2 In a 



so that p 1 / 2 < a K ). 



□ 



5. Markov coding and regularity of p 



In this section, we discuss the regularity of the mapping p i— > from V(F) into the 
space r* of continuous linear forms on T K . By Theorem 12.11 p°° is the only p-stationary 
measure for the action of dG, and thus depends continuously on p. In the case of the free 
group, p°° appears as the eigenform for an isolated maximal eigenvalue of an operator on 
T K (see [LlJ, Chapter 4c) and therefore depends real analytically on p. This argument 
does not seem to work in all the generality of a hyperbolic group and we are going to use 
the Markov representation of the boundary which was described by M. Coornaert and A. 
Papadopoulos in [CPJ. 

5.1. Markov coding. Following |CPj . we call horofunctions any integer valued function 
on G such that, for all A < h(x), the distance of a point x to the set h~ 1 (X) is given by 
h(x) — A. Two horofunctions are said to be equivalent if they differ by a constant. Let <I>o 
be the set of classes of horofunctions. Equipped with the topology of uniform convergence 
on finite subsets of G, the space $o is a compact metric space. G acts naturally on <l>o- The 
Busemann boundary 8bG is a G-invariant subset of <3?o- For each horofunction h, sequences 
{x n }n>i such that 



converge to a common point in dG, the point at infinity of h. Two equivalent horofunctions 
have the same point at infinity. The mapping ir : $o — * dG which associates to a class of 
horofunctions its point at infinity is continuous, surjective, G-equivariant and uniformly 
finite-to-one. Fix an arbitrary total order relation on the set of generators S. Define a 
map a : $o by setting, for a class <p = [h] £ $0) ^(v 9 ) = a_ V) where a = a(ip) is the 

smallest element in S satisfying h(e) — h(a) = 1. In |CP| is proven: 

Theorem 5.1 ([CP]). The dynamical system (&Q,a) is topologically conjugate to a subshift 
of finite type. 

We assume, as we may, that the number Rq used in the construction of [CP] satisfies 
Rq > r. In order to fix notation, let (£,<r) be the subshift of finite type of Theorem 15.11 
That is, there is a finite alphabet Z and a Z x Z matrix A with entries or 1 such that £ 
is the set of sequences z = {z n } n >o such that for all n, A Zn ^ Zn+1 = 1 and a is the left shift 
on S. We can decompose S into transitive components. Namely, there is a partition of the 
alphabet Z into the disjoint union of Zj,j = 0, • • • , K in such a way that for j = 1, • • • , K, 
Sj := {z_,zq € Zj} is a cr-invariant transitive subshift of finite type and U^ =1 T,j is the u- 
limit set of S. By construction, G-invariant closed subsets of S are unions of T,j for some 
j £ {!,-•• ,K}. We denote such G-invariant subsets by Sj, where J is the corresponding 



d(x n , x n _|_i) 



h(x n ) - h(x n+ i) = 1 
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subset of {1, • • • ,K}. In particular, the supports of stationary measures on G are subsets 
of 8bG which are identified with such Ej. 

For x > consider the space T x of functions <fi on E such that there is a constant 
C x with the property that, if the points z and z[ have the same first n coordinates, then 
|0C?O ~~ <Kl')l < Cx^ n - For € T x , denote \\<fi\\ x the best constant C x in this definition. 
The space T x is a Banach space for the norm \\cj)\\ := \\(f>\\ x + maxs \4>\. Identifying E with 
$o> we stih write tt : E — > <9G the mapping which associates to 2 € E the point at infinity 
of the class of horofunctions represented by z. 

Proposition 5.2. The mapping tt : E — > dG is Holder continuous. 

Proof. Let z and z!_ be two elements of E such that Zi = z[ for 1 < i < n. Denote h 
and h! the corresponding horofunctions with h(e) = h'(e) = 0. Let {x n } n >o be define 
inductively such that xq = e and (x n -i)~ 1 x n is the smallest element a in S such that 
h(x n -i) — h{x n ~\a) = 1. The sequence {x n } n >o is a geodesic and converges to ir(z). By 
[CPJ, Lemma 6.5, h and h' coincide on N({xq,--- , x n+ L }, Rq), where Lq and i?o has 
been chosen as in [CP| . page 439. In particular, if one associates {x' n } n >o similarly to 
h' , the sequence {x' n } n >o is a geodesic which converges to vr(z') and we have Xk = x' k for 
< k < n + Lg. It follows that for all m,m' > n + Lq, 

(a; m ,x m ') e = n + I + (%,%')s:n + i > n + L > n. 

Therefore (tt(z), vr(/)) e > liminf mim '(x m , x TO /) e > n and p(7r(£), 7r(V)) < e - ara + c i. □ 

In the same way we have: 

Proposition 5.3. Let x be fixed in G with \x\ < Rq. Then the mapping z 1— > h z (x) depends 
only on the first coordinate in E, where h z is the horofunction representing z in Theorem 

roi 

Proof. As above, if zq = z' Q and h, h' are the corresponding horofunctions with h(e) = 
h'(e) = 0, h and h! coincide on N(e,Ro) D {x}. □ 



Let ybea stationary probability measure on $o- By equivariance of n, the measure tx*v 
is stationary on dG and, by Theorem 12.11 we have it*i> = p°° . Actually, there is a more 
precise result: 

Proposition 5.4. Let u be a stationary measure on <I>o- Then, for v-a.e. </? € a ^ ^ 
(16) ^(v) = 

Proof. Since the mapping tx : $0 — ^ is G-equivariant and finite-to-one, the measure v 
can be written as 

J ii>(<p)M<p) = / ( E ^(^^M)^ 00 ^), 

V3:7r(v3)=5 
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where o is a nonnegative measurable function on $o such that X^-7r(<^)=£ a (v) = 1 f° r 
p°°-a.e. £. Moreover, since <9G is a Poisson boundary for the random walk ([K], Theorem 
7.6), the conditional measures a(y) has to satisfy a(x<p) = a(tp) p°°-a.s.( }KVj . Theorem 
3.2). The formula (|16p for the density then follows from formula ©. □ 

Identifying $0 with E, we see that, for z € E, o" -1 ^ is given by some az, where a is one 
of the generators. We can describe the restriction of a stationary measure to Ej. More 
precisely, we have: 

Proposition 5.5. For each j = 1, ■ ■ ■ there is a unique probability measure Vj such 
that any p- stationary measure on E /ias i/ie restriction to Ej proportional to Uj. Moreover, 
for all p € V{F), there exist x > and a neighborhood O p of p in V{F) such that the 
mapping p 1— > za,- is Lipschitz continuous from O p to r* (Ej). 

Proof. Consider a p-stationary probability measure on E that has a nonzero restriction to 
Ej. Let i^j be this (normalized) restriction. By (|16|) . for all x such that £ _1 Ej = Ej, we 
have (z) = K^f^{x). We shall show that there is a unique probability measure on 

Ej satisfying ^ — (z) = ^^^(zo) and that it depends Lipschitz continuously on p as an 
element of T* for some suitable y. 

A 

We use thermodynamical formalism on the transitive subshift of finite type Ej. For 
X < 1 and (ft G T x with real values, we define the transfer operator on T x (Ej) by 

Then, is a bounded operator in T x . Ruelle's transfer operator theorem (see [Bo], 
Theorem 1.7 and [RJ, Proposition 5.24) applies to and there exists a number P((ft) and 
a linear functional N$ on T x such that the operator C*^ on (T x )* satisfies C^N^ = e p ^N ( j > . 
The functional N$ extends to a probability measure on Ej and is the only eigenvector of 
C*i with that property. Moreover, (ft 1— > is a real analytic map from T x to the space of 
linear operators on T x ([Rj, page 91). Consequently, the mapping (ft i-> is real analytic 
from T x into the dual space T* (see e.g. [Co], Corollary 4.6). For p £ V(F), define 
4> p (z) = lnK w ^(zo). By Propositions 14.11 and 15.21 we can choose x such that the mapping 
p 1— > (ftp is Lipschitz continuous from a neighborhood O p of p in V{F) into the space T x . It 
follows that the mapping p 1— > A^, p is Lipschitz continuous from O p into T* . 

From the relation < ^*" i (z) = -f^ 7r ( 2 )(zo), we know that z/j is invariant under £^ . This 
shows that z/j is the only probability measure satisfying this relation, that P{(ft p ) = and 
that Vj extends . □ 

Let Ej be a minimal closed G-invariant subset of E. We know that Ej is a finite union 
of transitive subshifts of finite type. We have 
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Corollary 5.6. For p G V(F), there is a unique p- stationary probability measure vj(p) on 
Hj. There is a x an d a neighborhood O of p such that the mapping p i— > vj{p) is Lipschitz 
continuous from O into T* (Ej). 

Proof. Let vj be a p stationary measure on Sj. We know by Proposition 15.51 that the 
conditional measures on the transitive subsubshifts are unique and Lipschitz continuous 
from O into r* (Sfc). We have to show that the vjiYi^) are well determined and Lipschitz 
continuous in p. Write again equation (|16p . but now for elements x G G that exchange 
the Sfc within Sj and write that ^j(S^) = 1. We find that the vjiY,^) are given by a 
system of linear equations. By Proposition (j4. 1 j) and ()5.5j) . we know that the coefficients 
of this linear system are Lipschitz continuous on O. We know that there is a solution, and 
that it is unique, since otherwise there would be a whole line of solutions, in particular one 
which would give z^j(Xfc) = for some k and this is impossible. Then the unique solution 
is Lipschitz continuous. □ 



6. Proof of Theorem 11.11 



Choose x small enough and O a neighbourhood of p in V(F) such that Proposition 
14.11 and Corollary 15.61 apply: the mappings p h-> InK^^^x) and p t-t vj are Lipschitz 
continuous from O into respectively r x (£) and T* (Sj). Then, by the definition ([2]), the 
function p h-> /i p (Sj,z/) is Lipschitz continuous on O. By ([3]) and ©, the function h p is 
the maximum of a finite number of Lipschitz continuous functions on O; this proves the 
entropy part of Theorem 11.11 

For the escape rate part, recall that the Busemann boundary &bG is made of horofunc- 
tions so that it can be identified with a G-invariant subset of S. Stationary measures on 
dsG are therefore convex combinations of the vji, where J 1 are such that uji{dBG) = 1. 

Formula (j4]) yields £p = maxj' jX^GF ( Jej, h(x~ 1 )dvji(h) S J . By Proposition [531 for 

a fixed x G F the function h(x) is in T x (Ej) for all x- Therefore, Cor pilar v 1 5 . 6 1 implies that 
each one of the functions f s / h(x~ l )dvji{h) is Lipschitz continuous on O. This achieves 

the proof of Theorem 11.11 because the function p h- > £p is also written as the maximum of 
a finite number of Lipschitz continuous functions on O. 
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